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Kh\j_f_ggZy�kbkl_fZ�agZgbc�ihdZau\Z_l��qlh�ihgylb_�QbkeZ�y\ey_lky�nmg^Zf_glZev�

guf�ihgylb_f�fZl_fZlbdb�b�\�bgl_jij_lZpbyo�khhlghkblky�ijZdlbq_kdb�kh�\k_fb�ba\_klgu�

fb�\b^Zfb�j_Zevghklb��Qbkeh��\�kfuke_�fhsghklb�DZglhjZ��kijZ\_^eb\h�hlghkblky�d�kZfuf�

Z[kljZdlguf�ihgylbyf��H^gZdh�^mfZlv�lZd�[ueh�[u��gZ��gZr�\a]ey^��hrb[dhc��<�fZl_fZlb�

d_� kms_kl\m_l�ihgylb_�� dhlhjh_�fh`gh� kf_eh�ihklZ\blv�beb� \ur_�qbkeZ��beb��ih�djZcg_c�

f_j_��jy^hf�k�gbf��Wlbf�ihgylb_f�y\ey_lky�^_ckl\b_�gZ^�qbkehf
1.  

Ijbgpbiu�bkqbke_gby�^_ckl\bc 
Bk q b k e _ g b _ � ^ _ c k l \ b c �B>)  hkgh\u\Z_lky�gZ�jZaebq_gbb�kmsghklb�fZl_fZlb�

q_kdbo�h[t_dlh\�b�kZfbo�h[t_dlh\��bf_y�\�\\b^m�ih^�gbfb�g_db_�y\e_ggu_�kmsghklb���Ijb�

wlhf��dhg_qgh��ij_^iheZ]Z_lky��qlh�djZlghklv�y\e_gghklb��^Zgghklb��iheh`_gghklb��gZebq�

ghklb��l_o�beb�bguo�h[t_dlh\�\�dZq_kl\_�hkh[hc��y\ey_lky�\_kvfZ�\Z`ghc�oZjZdl_jbklbdhc��

bf_xs_c�g_ihkj_^kl\_ggh_�hlghr_gb_�d�nhjfbjh\Zgbx�kljmdlmju�^_ckl\by� 
LZdbf�h[jZahf�\�B>�^ey�hkgh\guo�__�h[t_dlh\��dZdh\ufb�y\eyxlky�qbkeZ a, b, c… , 

^_ckl\by�gZ^�qbkeZfb�.��������«� �� �b�hi_jhgu� �^_ckl\by�gZ^�^_ckl\byfb��7, 8, 2, 3, … 
\\h^blky�g_h[oh^bfhklv�jZaebqZlv�bo�kmsghklb��h[hagZqZ_fhc�agZdhf�W , b�djZlghklv�bo�
^Zgghklb��gZebqghklb���hkms_kl\e_gghklb��iheh`_gghklb���h[hagZqZ_fhc�C. 

 
BlZd��^ey�ihkljh_gby�B>�ki_pbZevgh�^he`gu�[ulv�h]h\hj_gu�^\Z�mkeh\by� 

• \k_�nhjfZebah\Zggu_�\�g_c�h[t_dlu��h[hagZqZ_fu_�h^gbfb�b�l_fb�`_�agZdZfb�^he`gu�

y\eylvky�h[t_dlZfb�h^ghc�kmsghklb��a^_kv�bf__lky�\\b^m��qlh�kmsghklv�lh]h�beb�bgh]h�

fZl_fZlbq_kdh]h�h[t_dlZ�aZ^Z_lky�\�hij_^_e_gbb).  
• h[t_dlu�� dhlhju_� \� ^Zgghf� dhgl_dkl_� ^he`gu� \hkijbgbfZlvky�� dZd� jZagu_� kmsghklb�

ke_^m_l�h[hagZqZlv�jZagufb�kbf\heZfb�� 
<�wlhf�kfuke_��gZijbf_j��fgh`_kl\h�^Z��Z��b, b, b, c, b},�we_f_glZfb�dhlhjh]h�y\eyxlky�qbkeZ��ij_^klZ\ey_l�
ljb�qbkeh\u_�kmsghklb��l�_��\k_]h�lhevdh�ljb�qbkeZ��a, b�b c��H^gZdh�djZlghklv�bo�ij_^klZ\e_gghklb�jZaebqgZ��Z 
ij_^klZ\e_gh�ljb`^u��b�ij_^klZ\e_gh�k�djZlghklvx�����Z�c�k�djZlghklvx��� 

>jm]hc�Zki_dl�jZaebq_gby�lbih\�kms_kl\h\Zgby�h[t_dlh\�dZkZ_lky�ijh[e_fu�k\h[h^�

ghklb�beb�k\yaZgghklb�bo�kms_kl\h\Zgby��b�g_h[oh^bfhklb�ijb�nhjfZebaZpbb�bkqbke_gby�

                   
1�Bf_ggh�^_ckl\b_��beb�hi_jZpby�gZ^�qbkehf��ih�kmlb�k\h_c�ij_^gZagZq_gh�dZd�^ey�ihjh`^_gby�qbk_e��lZd�b�

^ey�ex[uo�bo�dZq_kl\_gguo�beb�dhebq_kl\_gguo�ljZgknhjfZpbc��Ba�\k_o�qbk_e��dhlhjufb�hi_jbjm_l�q_eh\_d��

g_ihkj_^kl\_ggh�^Zggufb��i_j\bqgufb��dZd�[u�wdabkl_gpbZevgh�kmsbfb�fh`gh�kqblZlv��ih`Zemc��lhevdh�fZ�

eu_�qbkeZ�gZlmjZevgh]h�jy^Z�\�ij_^_eZo�h^gh]h�^_kyldZ���������������������«���<k_�hklZevgu_�lZd�beb�bgZq_�b�

hij_^_eyxlky�b�nhjfZebamxlky�q_j_a�lhl�beb�bghc� �hkhagZ\Z_fuc��Z�bgh]^Z�b�g_�hkhagZ\Z_fuc��dhgdj_lguc�

kihkh[�bo�ihjh`^_gby��gZau\Z_fuc�Zjbnf_lbq_kdbf�^_ckl\b_f��beb�Zjbnf_lbq_kdhc�hi_jZpb_c��JZaebqgu_�

fhf_glu�wlh]h�ml\_j`^_gby�beexkljbjmxlky�ke_^mxsbfb�ijbf_jZfb� 
Ijbf_j� ���;hevrb_�gZlmjZevgu_�qbkeZ��<kydh_�[hevrh_�gZlmjZevgh_�qbkeh�N� �\�hlebqb_�hl�fZeuo�qbk_e��
[he__�m^h[gh�b�hij_^_ey_lky�b�\hkijbgbfZ_lky��dZd�g_dh_�fZeh_ n��d�dhlhjhfm�fgh]hdjZlgh�ijb[Z\eyxl 1. 
Wlhl�ijhklhc�ijbf_j�ihdZau\Z_l��dZd�fu�\b^bf��h[gZjm`b\Z_l�g_h[oh^bfhklv�ijb�hij_^_e_gbb�lh]h�beb�bgh]h�

^hklZlhqgh�[hevrh]h�qbkeZ�bkihevah\Zgby�^_ckl\by��©ijb[Z\e_gbyª�� 
Ijbf_j����;hevrh_��qbkeh�N= 1010

��aZibkZggh_�\�lZdhf�\b^_��k�hq_\b^ghklvx�lj_[m_l�^ey�k\h_]h�b�hij_^_e_gby�

b�nhjfZevgh]h�ij_^klZ\e_gby�hi_jZpbb�\ha\_^_gby�\�kl_i_gv� 
Ijbf_j����Fbgmk�_^bgbpZ�©-1»–�y\ey_lky�qbkehf�\hh[s_�gh\h]h�dZq_kl\Z�ih�hlghr_gbx�d�ex[hfm�gZlmjZev�

ghfm�iheh`bl_evghfm�qbkem�� 
Wlh�klZgh\blky�\iheg_�hq_\b^guf��_keb�\� aZibkb� �qbkeZ� ©–�ª� aZf_lblv�khdjZs_gguc� �\ZjbZgl�[he__�iheghc�

aZibkb�k�bkihevah\Zgb_f�^_ckl\by�\uqblZgby�\b^Z�©�-1». 
Ijbf_j����Ex[h_�jZpbhgZevgh_�qbkeh�\b^Z�P�Q�_klv�ijyfh_�ihjh`^_gb_�hi_jZpbb�^_e_gby� 

Ijbf_j����FgbfZy�_^bgbpZ�L ��− hij_^_ey_lky�b�hnhjfey_lky�m`_�g_�k�ihfhsvx�h^gh]h��Z�^\mo�^_ckl\bc: 
\uqblZgby�b�dhjgy� 

Ijbf_j����BjjZpbhgZevgh_�qbkeh � ih�hij_^_e_gbx�ihjh`^Z_lky�hi_jZpb_c�dhjgy� 
Ijbf_j�����LjZgkp_g^_glgh_�qbkeh�H��e -�hkgh\Zgb_�gZlmjZevguo�eh]Zjbnfh\)�^ey�k\h_]h�hij_^_e_gby�lj_[m_l�
[_kdhg_qgh]h�jy^Z�kjZam�lj_o�^_ckl\bc: 
_=1+(1/2!)+ (1/3!)+(1/4!)+ (1/5!)+… 
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wlhl�fhf_gl� �hkh[h� \u^_eylv��<�b k q b k e _ g b b � ^ _ c k l \ b c � ^ e y � w l h c � p _ e b � \\h^ylky�

ihgylby�k\yaZggh]h�b�k\h[h^gh]h�kms_kl\h\Zgby�fZl_fZlbq_kdbo�h[t_dlh\�� 
Kms_kl\h\Zgb_�h[t_dlh\�gZah\_f�k\yaZgguf��_keb�wlb�h[t_dlu�h[t_^bg_gu�l_fb�beb 

bgufb�^_ckl\byfb�\�g_dh_�_^bgh_�p_eh_��\�g_dbc�_^bguc�©Z]j_]Zlª��<�ijhlb\ghf�kemqZ_�bo�

kms_kl\h\Zgb_�[m^_f�gZau\Zlv�k\h[h^guf. 
Ijbf_j����∃Z��Z��Z��E��Z��Z��E��E��c  - \�^Zgghf�kemqZ_�d\Zglhj�kms_kl\h\Zgby�∃ ml\_j`^Z_l�k\h[h^gh_�kms_kl\h\Z�

gb_�h[t_dlh\�Z��E��F�\�jZaghc�djZlghklb�bo�^Zgghklb�  
Ijbf_j��� ∃�D��E���Z�α (( b β�Z�γ�Z���α b γ�Z���α b ) -wlh�Ze]_[jZbq_kdh_�\ujZ`_gb_ ml\_j`^Z_l�k\yaZggh_�kms_kl\h�

\Zgb_��\�g_dh_f�h^ghf�\ujZ`_gbb��h[t_dlh\�Z��E��K\yau\Zgb_�\�wlhf�kemqZ_�hkms_kl\ey_lky�^_ckl\byfb�α, β, γ . 
Ijbf_j����∃Z��E��^Z��E`��Z+b -\k_�wlb�ljb�\ujZ`_gby��ml\_j`^Zxl�jZagu_�lbiu�kms_kl\h\Zgby��D\Zglhj�∃Z��E�ml�
\_j`^Z_l�k\h[h^gh_�kms_kl\h\Zgb_� � �Z�b� E��D\Zglhj�∃^Z�� E`�ml\_j`^Z_l�k\yaZggh_�kms_kl\h\Zgb_�Z�� E� �Z�b� E�

a^_kv� g_� ijhklh� kms_kl\mxl�� gh� kms_kl\mxl�� k\yaZggu_� ijbgZ^e_`ghklvx� d�fgh`_kl\m� ^Z�� E`���<ujZ`_gb_�

©Z+Eª�ml\_j`^Z_l�_s_�[he__�k\yaZggh_�kms_kl\h\Zgb_��Z�b�E��QbkeZ�Z�b�E�a^_kv�g_�ijhklh�kms_kl\mxl��gh�kms_�

kl\mxl�h[t_^bg_ggufb�\�ijyfhf�kfuke_�^_ckl\b_f�keh`_gby�\�h^gh�\ujZ`_gb_�Z+b.  
Ijbf_j����α ��Z�+�Z�+�Z�+�Z�+�Z�-Ze]_[jZbq_kdh_�\ujZ`_gb_�α�ij_^klZ\ey_l�kh[hc�ijbf_j�k\yaZggh]h�khklhygby�
\k_]h�^\mo��kmsghkl_c��h^gZ�ba�gbo�_klv�qbkeh�Z�k�djZlghklvx����Z�^jm]Zy�_klv�^_ckl\b_�©+ª�k�djZlghklvx���� 

<�B>�fu�ijb^_j`b\Z_fky�hij_^_e_gby�qbkeZ�\�kfuke_��DZglhjZ-Ehk_\Z��lh`^_kl\_g�
gh]h�ihgylbx�fhsghklb�fgh`_kl\Z� 

Qbkeh� _klv� fgh]h_�� h[t_^bg_ggh_� h^gh�� dh]^Z� jZaebqby� f_`^m� we_f_glZfb� wlh]h�

fgh]h]h�hibjZxlky�lhevdh�gZ�nZdl�bo�[ulby��nZdl�bo� kms_kl\h\Zgby� �[_a�h[jZs_gby�d�

dZq_kl\_gghc�beb�ihjy^dh\hc�hij_^_e_gghklb�bo�\aZbfguo�jZaebqbc��� 
�Wlbo�djZldbo�aZf_qZgbc��gZ�gZr�\a]ey^�^hklZlhqgh��qlh[u�^_ckl\bx�gZ^�qbkehf�^Zlv�

hij_^_e_gb_�� 
Hij _ ^ _ e _ g b _ � � � �>_ckl\b_�gZ^�qbkehf�_klv�kihkh[�baf_g_gby�kmsghklb�qbkeZ� 
Ba� wlh]h�hij_^_e_gby�ke_^m_l��qlh�baf_gblv�qbkeh� -� agZqbl�baf_gblv�_]h�kmsghklv��

kh^_j`Zsmxky�ih� hij_^_e_gbx� \� _]h� „fgh]h_^bgkl\_” ��Bgufb� keh\Zfb�� wlh� hagZqZ_l�� qlh�
lj_[m_lky�baf_gblv�eb[h�_]h�fh^mev��fgh]h_�qbkeZ���eb[h�_]h�\lhjmx�qZklv��\�dhlhjhc�qbkeh�

ij_^klZ\e_gh�dZd�fhgZ^Z��dZd�g_qlh�_^bgh_��WlZ�\lhjZy�qZklv�_klv�dZq_kl\h�qbkeZ��iheh`b�

l_evgh_��hljbpZl_evgh_��fgbfh_�b�l�i����Hlkx^Z�lZd`_�ke_^m_l��qlh�hlh`^_kl\blv�^\Z�qbkeZ�-
agZqbl�ijb\_klb�bo�kmsghklb��fh^mev�b�dZq_kl\h��d�lh`^_kl\m� 

Hij _ ^ _ e _ g b _ � � � �:e]_[jZbq_kdh_�\ujZ`_gb_�–�wlh�fgh`_kl\h�qbk_e��k\yaZgguo�
\�h^gh�p_eh_�g_dhlhjuf�fgh`_kl\hf�^_ckl\bc��djZlghklv�qbk_e�b�^_ckl\bc�ijhba\hevgZ�� 
Ijbf_ju�Ze]_[jZbq_kdbo�\ujZ`_gbc� 

1.   ��Z�β�Z�γ�Z���α�Z�γ�Z��������2.  Z�α [( b β�Z�γ�Z���α b γ�Z] α b 
Hij _ ^ _ e _ g b _ � � �  MgZjgh_�^_ckl\b_�α�Z� -�Ze]_[jZbq_kdh_�\ujZ`_gb_�α�k�h^ghc�

qbkeh\hc�kmsghklvx�Z��djZlghklv�qbkeZ�b�^_ckl\bc�ijhba\hevgZ�� 
Ijbf_ju�mgZjguo�^_ckl\bc: 

1. α�Z� ���Z�β�Z�γ�Z���α�Z�γ�Z���2.β��Z� �Z���Z2
���Z

3      3. γ��Z� �Z���Z2
���Z

3 +… =
D−�

�
���������Z������ 

Hij _ ^ _ e _ g b _ � � �  ;bgZjgh_�^_ckl\b_ Z�η b -�Ze]_[jZbq_kdh_�\ujZ`_gb_�k�^\mfy�
qbkeh\ufb�kmsghklyfb�Z�b�E� 
>ey�[bgZjgh]h�^_ckl\by�ijbgbfZ_f�ke_^mxsb_�h[hagZq_gby� 
 
 
 
 

 
 
 
 
 

Jbk������KhklZ\gu_�qZklb�[bgZjgh]h�^_ckl\by 
 
A^_kv�qbkeZ�Z�b�E�y\eyxlky�hi_jZg^Zfb�^_ckl\by�η��E_\uc�hi_jZg^�©Zª�gZau\Z_lky�hkgh\Zgb�
_f��Z�ijZ\uc�©Eª�-ihdZaZl_e_f�wlh]h�^_ckl\by��©kª�-�j_amevlZlhf�  

Z η b=c 

j_amevlZl 

^_ckl\b_ 

hkgh\Zgb_ ihdZaZl_ev 



 3          

 
Ijbf_ju�[bgZjguo�^_ckl\bc: 
 

1. ;bgZjgh_�^_ckl\b_�η :     Z�η�E�� �Z�α (( b β�Z�γ�Z���α b γ�Z���α b 
 

����>jm]b_�ijbf_ju�hij_^_e_gbc�[bgZjguo�^_ckl\bc�α, β, γ:       
 

     

( ) E���DORJ��������

E���DED��������E���D
E�D

E�D

E

D

E�D

DE

γ

βα

=

=⋅=
 

 <�q_f�hlebqb_�hibku\Z_fuo�ih^oh^h\�hl�h[s_ijbgyluo��bkihevam_fuo�\�kh\j_f_g�

ghc�l_hj_lbq_kdhc�Zjbnf_lbd_�b�Ze]_[j_"� 
I_j\h_�  

<�B>�ij_^eZ]Z_lky�bf_lv�^_eh�k�qbkeh\ufb�kmsghklyfb��b�Z[kljZ]bjh\Zlvky�hl�djZl�

ghklb�\oh`^_gby�qbk_e�\�l_�beb�bgu_�Ze]_[jZbq_kdb_�\ujZ`_gby
2.  

<lhjh_� 
Ijb�hij_^_e_gbb�^_ckl\bc�gZ^�qbkeZfb� �ih^q_jdb\Z_lky�g_h[oh^bfhklv� Z[kljZ]b�

jh\Zgby�hl�dhebq_kl\Z�dhibc�qbkeZ��kqblZy�bo�h^gbf�qbkehf��Z�kh[kl\_ggh�^_ckl\byfb�gZ^�

qbkeZfb�ij_^eZ]Z_lky�kqblZlv�bf_ggh�l_��dhlhju_�\uihegyxl�\�hlghr_gbb�qbkeZ�g_�

dhibjmxsmx�b�©fgh`bl_evgmxª��Z��ij_`^_�\k_]h��ij_h[jZamxsmx�nmgdpbx�� 
Lj_lv_� 

Ijb� hij_^_e_gbb� lh]h� beb� bgh]h� [bgZjgh]h� ^_ckl\by� ^himkdZ_lky� ijbf_g_gb_� jZa�

ebqguo�Zjbnf_lbq_kdbo�beb�Ze]_[jZbq_kdbo�^_ckl\bc��Z�g_�lhevdh�dZdh]h-eb[h�h^gh]h��dZd�
wlh�^_eZ_lky�h[uqgh��gZijbf_j��ijb�hij_^_e_gbb�mfgh`_gby�Z�Â �E� Z�+�Z�+�Z�+ … +�Z����Wlh�
iha\hey_l�\�B>�kha^Z\Zlv�^_ckl\by�]hjZa^h�[he__�keh`ghc�kljmdlmju��q_f�wlh�h[uqgh�ijb�

gylh��aZ�kq_l�\dexq_gby�\�bo�hij_^_e_gby�fgh`_kl\Z�kZfuo�jZaguo�^_ckl\bc3.  
Q_l\_jlh_�� 

B��gZdhg_p��^ey�h[_ki_q_gby�^Zevg_cr_]h�k\h[h^gh]h�jZa\blby��ihgylby�^_ckl\b_��\�

B>� ^himkdZ_lky� \hafh`ghklv� khklZ\e_gby� \gh\v� hij_^_ey_fh]h�fhgh� ^_ckl\by�+ � ba� l_o�

beb�bguo�jZg__�hij_^_e_gguo��ba\_klguo�^_ckl\bc�jZaebqghc�djZlghklb��<�wlhf�kemqZ_�^_c�

kl\b_�+ �[m^_l�y\eylvky�g_dhc�nmgdpb_c�f�b�hl�kZfbo�wlbo�^_ckl\bc�b�hl�bo�djZlghkl_c� 
+  = f (nα, mβ, pγ). 

 
<�lZdhc�aZibkb�fhgh^_ckl\b_�+ �ijbh[j_lZ_l�kljmdlmjm��b�hdZau\Z_lky�khklZ\e_gghc�

ba�^_ckl\bc�α, β�b�γ�k�djZlghklyfb��khhl\_lkl\_ggh�P��Q�b�S�� 
<k_�wlb�ijb_fu�\�kh\hdmighklb�iha\heyxl�ijb^Z\Zlv�ex[hfm�\gh\v�hij_^_ey_fhfm�

^_ckl\bx�nhjfm�[bgZjgh]h��g_kfhljy�gZ�©g_�[bgZjghklvª�nhjfZevgh]h�\b^Z�_]h�hij_^_e_�

gby��Z�lZd`_��g_kfhljy�gZ�fgh]hdjZlghklv�\oh`^_gby�\�g_]h�qbk_e�Z�b�b��b�fgh]hdjZlghklv�
bkihevah\Zgby�\�Ze]_[jZbq_kdhc�kljmdlmj_��jZaebqguo�Ze]_[jZbq_kdbo�hi_jZpbc�  

                   
2
�Dhg_qgh��wlhl�ijbzf�g_�gh\��b�\�y\ghf�beb�g_y\ghf�\b^_�m`_�bkihevam_lky�\�kZfhc�Zjbnf_�

lbd_��GZijbf_j��mfgh`_gb_���Zºb��kqblZ_lky�[bgZjguf�^_ckl\b_f�gZ^�qbkeZfb�Z�b b��Ohly�_]h�hij_�
^_e_gb_�\�jZa\_jgmlhf�\b^_��Zºb = a� a� …�a  -�_klv�fgh]hdjZlgh_�keh`_gb_�h^gh]h�b�lh]h�`_�qbkeZ��
b�\�lZdhf�\b^_�bf__l�nhjfm�g_�[bgZjgh]h��b-Zjgh]h�^_ckl\by� 
 

3 <�wlhf�kfuke_�l_i_jv�\ujZ`_gb_�©Z�χ��Z�β Z�����������γ�Zª��\iheg_�^himklbfh�kqblZlv�fhgh^_c�
kl\b_f��>ey�wlh]h�gZf�ijbrehkv�ihklmebjh\Zlv��qlh�^_ckl\b_�gZ^�qbkeZfb�fh`_l�bf_lv�jZaebqgu_�

qZklb��χ, β, γ���Z�g_�lhevdh�khklhylv�fgh]hdjZlgh�ba�h^ghc�dZdhc-eb[h�qZklb��beb�lhevdh�χ��beb�lhev�
dh�β��beb�lhevdh� �γ���l�_��fh`_l�[ulv�kha^Zgh�ba�^_ckl\bc�jZaguo�kmsghkl_c��GZijbf_j��\�kemqZ_�k�

mfgh`_gb_f��Z�Â �E�= a+ a+ …+D��_]h�kljmdlmjm�hij_^_ey_l�lhevdh�h^gh�^_ckl\b_��α = „ +" ��gh�ih\lh�
j_ggh_��E�-����jZa�� 
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<�k\_l_�kdZaZggh]h�\ujZ`_gb_� D�DE�E��gZijbf_j�� �\iheg_�^himklbfh�kqblZlv�[bgZj�

guf�^_ckl\b_f��h[hagZqZy�_]h�kbf\hehf�υ� �_keb�hl\e_qvky�hl�lh]h��qlh�qbkeZ� D�b� E�\oh^yl�
fgh]hdjZlgh�\�^Zggh_�\ujZ`_gb_��Z�bf_ggh�^\Z`^u��b�qlh�hgh�khklZ\e_gh�g_�ba�h^gh]h��Z�

kjZam�ba�^\mo�^_ckl\bc�-�keh`_gby�b�mfgh`_gby�� 
Z υ b =a+ab+b. 

:gZeh]bqgh��hl\e_dZykv�hl�dhebq_kl\Z�\oh`^_gbc�qbk_e�D�b�E��b�hl�dhebq_kl\Z�kh_^b�

gyxsbo�bo�^_ckl\bc��ke_^mxsb_�\ujZ`_gby�lZd`_�fh`gh�kqblZlv�[bgZjgufb�^_ckl\byfb��

h[hagZqZy�bo�khhl\_lkl\_ggh�α β γ, , :        

( ) E���DORJ��������E���DED��������E���D
E�D

E�D
E

D

E�D

DE γβα ==⋅=  

Ih^h[guc�ijb_f�Z[kljZ]bjh\Zgby�hl�djZlghklb�^Zgghklb�g_dh_c�kmsghklb�\�hij_^_�

e_gbb�l_o�beb�bguo�h[t_dlh\�fZl_fZlbdb��g_�gh\��LjZ^bpbhggh�hg�bkihevam_lky�ijb�hij_^_�

e_gbyo�\_kvfZ�fgh]bo�fZl_fZlbq_kdbo�h[t_dlh\�� 

Ijbf_j ��� �IZjZee_evguc�i_j_ghk�g_�baf_gy_l�\_dlhjZ��� Z ��l�_��g_�baf_gy_l�_]h�kms�

ghklb���b�ihlhfm��dh]^Z�fu�\b^bf�lZdmx�dZjlbgm�gZ�iehkdhklb��jbk������]h\hjbf��qlh�bf__f�

^_eh��g_�kh�fgh`_kl\hf�\_dlhjh\��Z�k�h^gbf�\_dlhjhf� Z . Ijb�wlhf�ijhba\h^blky�Z[kljZ]bjh�

\Zgb_�hl�jZaebqbc�\�©ijb\yad_ª�d�kbkl_f_�dhhj^bgZl��x, y, z���l�_��hl�\_dlhjh\� ��� ���� ZZZ ��dh�

ibc�fgh]h��Z�\_dlhj�h^bg�� 
 

 

 
 
 
 
 
 
 
 
 
 

 

Jbk������Fgh]hdjZlgh_�ij_^klZ\e_gb_�h^gh]h�\_dlhjZ� Z �gZ�iehkdhklb. 
 
Ijbf_j ��� �  Hij_^_e_gb_� i_jbh^bq_kdhc�nmgdpbb� lZd`_� ij_^iheZ]Z_l� Z[kljZ]bjh�

\Zgb_�hl�k^\b]Z�\h�\j_f_gb� 
I��[� �I��[�������Q��� �I��[�������P�� 

 
Ba�ij_^eh`_ggh]h�ih^oh^Z�b�^Zggh]h�gZfb�hij_^_e_gby�[bgZjghfm�^_ckl\bx�\ul_�

dZ_l�hq_gv�\Z`gZy�_kl_kl\_ggZy�b�\iheg_�dhgkljmdlb\gZy�\hafh`ghklv�kjZ\g_gby (hlh`^_�

kl\e_gby��^\mo�^_ckl\bc�� 
Hij_^_e_gb_ � � . >\Z�^_ckl\by�α �b� β �jZ\gu�gZ�fgh`_kl\_�8���_keb�^ey�\k_o�qbk_e�

ba�8�hgb�^Zxl�jZ\gu_�j_amevlZlu� 
( ) ( )( )¢¡E�¢�D E�¡�D8ED� =↔∈∀ .                                   (3) 

<�ijhlb\ghf�kemqZ_�^\Z�^_ckl\by�α��b�β��g_�jZ\gu�gZ�fgh`_kl\_�8��_keb� 
( ) ( )( )¢¡E�¢�DE�¡�D8ED� ≠↔≠∈∃ .                                   (4) 

<�aZdexq_gb_�p_e_khh[jZagh�_s_�jZa�gZihfgblv�b�m`_�\�hdhgqZl_evghf�\b^_�knhjfm�

ebjh\Zlv�hkgh\gu_�lj_[h\Zgby�d�nhjfZebaZpbb��ijbgylu_�\�B>� 
h[hagZqZlv�h^gbfb�b�l_fb�`_� kbf\heZfb�h^gb�b�l_�`_�Ze]_[jZbq_kdb_�

kmsghklb��g_aZ\bkbfh�hl�k\yagh]h�beb�k\h[h^gh]h��bo�kms_kl\h\Zgby���Z[�

kljZ]bjmykv�khhl\_lkl\_ggh�hl�djZlghklb�bo�^Zgghklb� 

z 

��Z

�Z

y 

x 

�Z

Z  

Z  

Z  

α

α

α
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Hkgh\ghc�b�ihdZaZl_evguc�d\Zgljhg 

<�hlghr_gbb�d�ij_h[jZamxsbf�k\hckl\Zf�^_ckl\bc�gZ^�qbkeZfb�p_e_khh[jZagh�\u�

^_eblv�^\Z�ki_pbZevguo�lbiZ�^_ckl\bc��D�i_j\hfm�lbim�ke_^m_l�hlg_klb�kh[kl\_ggh�^_ckl�

\by�\�h[uqghf��h[s_ijbgylhf�kfuke_��l�d��hgb�baf_gyxl�kZfh�qbkeh��_]h�kmsghklv��l�_��beb�

baf_gyxl�_]h�fh^mev��beb�_]h�dZq_kl\h��Qlh�nhjfZevgh� aZibku\Z_lky�lZd��+ �Z � �  � E � � WlZ�

aZibkv�hagZqZ_l��qlh�+  ih^_ckl\h\Zeh�gZ�qbkeh� �Z�b�ihemqbehkv�^jm]h_�qbkeh� E�g_�jZ\gh_�
bkoh^ghfm� 
  >ey�p_e_c�jZa\blby�©l_ogheh]bbª�B>�g_�f_g__�\Z`gh�\u^_eblv�b�[he__�ih^jh[gh�h[�

km^blv�\lhjhc�g_�f_g__�\Z`guc�lbi�^_ckl\by��D�wlhfm�\lhjhfm�lbim�ke_^m_l�hlg_klb�g_�kh[�

kl\_ggh�^_ckl\b_��Z�g_dhlhjuc�_]h�©ZgZeh]ª��l�d��k�_]h�ihfhsvx�kha^Z_lky�\hafh`ghklv�hi_�

jbjh\Zlv�g_�k�kmsghklyfb�qbk_e�b�^_ckl\bc��Z�k�bo�djZlghklyfb��Wlb�^_ckl\by�y\eyxlky�dZd�

[u� d\Zab^_ckl\byfb� beb� ©ij_^^_ckl\byfbª��Hgb� j_Zevgh� mqZkl\mxl� lhevdh� \� ih^]hlh\b�

l_evghf�nhjfbjh\Zgbb�hij_^_e_gbc�jZaebqguo�gh\uo�^_ckl\bc�b�\uihegyxl�ijb�wlhf�^ey�

l_o� beb� bguo� fZl_fZlbq_kdbo� h[t_dlh\� dhibjmxsmx�� fgh`bl_evgmx� nmgdpbx�� g_� baf_�

gyxsmx�bo�kmsghklb��QbkeZ�b�^_ckl\by�ijb�lZdbo�ij_h[jZah\Zgbyo�hklZxlky�ih^h[gufb��

lhqg__��lh`^_kl\_ggh�jZ\gufb�k_[_�  
BlZd��wlhc�©hi_jZpbbª�ihjmqZ_lky�ki_pbnbq_kdZy�©jZ[hlZª�g_�k�kmsghklyfb�qbk_e��Z�

bf_ggh�k�bo�djZlghklyfb��l�_��k�fgh]hdjZlguf�[ulb_f�h^ghc�b�lhc�`_�kmsghklb� >ey�dhg�
dj_lgh]h�hkms_kl\e_gby�b�ihkljh_gby�ih^h[guo�d\Zabhi_jZpbc�\�B>�\\h^blky�h[h[s_gguc�

©kbgl_lbq_kdbcª�ijbgpbi��gZau\Z_fuc�mkeh\gh�jhg-ijbgpbihf��H^ghc�_]h�khklZ\eyxs_c�

y\ey_lky�ijbgpbi�kh\f_s_gby�\�h^gh�p_eh_�jZaghgZijZ\e_gguo� �iheyjguo��ih�kfukem��

hi_jZpbc��k�ihke_^mxsbf�_]h�ih\lhj_gb_f�b�bkihevah\Zgb_f�\�dZq_kl\_�gh\h]h�ij_h[jZah�

\Zgby��LZdhc�ijb_f�gZah\_f�jhgh\uf��ohly�kZfh�gZa\Zgb_�©jhgª�ebrv�qZklbqgh�hljZ`Z_l�_]h�

kfuke��Ijb_f��gZau\Z_fuc�gZfb�Jhg-ijbgpbihf,  \\h^blky�dZd�g_dbc�h[h[s_gguc�ijbg�

pbi�j_dmjkbb� �jhg –Z[[j_\bZlmjZ� eZlbgkdh]h�gZa\Zgby�ijbgpbiZ� _kl_kl\_ggh]h�ih\lhj_�
gby�hi_jZpbc��repetitio operatio naturalis–«ron»���Hg�khklhbl�ba�lj_o�khklZ\eyxsbo� 
• pbdebqghklb�ih\lhj_gby�dZdh]h-eb[h�^_ckl\by�k�p_evx�m\_ebq_gby�_]h�djZlghklb��h[t_�

fZ�� 
• kh\f_s_gby�\�h^gh�ijhlb\hiheh`guo�ih�kfukem��we_f_glZjguo�hi_jZpbc� 
• kZfhih^klZgh\db��kZfhaZfudZgby��j_dmjkbb���kZfhdhibjh\Zgby� 

Ihykgbf� [he__� ^_lZevgh� _]h� kmlv��<� p_ehf� hg� � ij_^klZ\ey_l� kh[hc�ijb_f�� hkgh\u�

\Zxsbcky�gZ�ih\lhj_gbyo�^\mo�ijyfh�ijhlb\hiheh`guo�ih�kfukem�hi_jZpbc�ij_h[jZah\Z�

gby�g_dh_]h�h[t_dlZ�b�ihke_^mxs_]h��h[t_^bg_gby��kh\f_s_gby�bo�\�h^gh�p_eh_�� 
Imklv�bf__lky�g_dbc�h[t_dl� D�b� kihkh[ D�� dhlhjuc�iha\hey_l�ba� D�ihemqblv�gh\uc�

h[t_dl�E��Wlhl�kihkh[�- i_j\h_�ij_h[jZah\Zgb_��Ko_fZlbq_kdb�_]h�bah[jZabf�dZd�gZ�jbk�����Z�� 
 
 
 
 
 
 
 

Jbk������We_f_glu�b�nZau�aZfudZgby 
 

<\h^bf�\lhjh_�ij_h[jZah\Zgb_��h[t_dl�E�ih^klZ\ey_f�\f_klh�D� �l�_��\ha\jZsZ_f�gZ�

aZ^�\�h^bg�ba�hi_jZg^h\�^_ckl\by���KZf�nZdl�ih^klZgh\db�fh`gh�ihgbfZlv��dZd�g_dh_�bgh_�

gh\h_�ij_h[jZah\Zgb_��E���kf��jbk�����[�� 
Dhg_qgh��ij_h[jZamxsb_�nmgdpbb�hi_jZpbc�D�b�E�dZq_kl\_ggh�jZaebqgu��I_j\h_�D –

^_ckl\bl_evgh� ij_h[jZah\Zgb_�� Z� \lhjh_� E–ijhklh� \ha\jZs_gb_�� dhibjh\Zgb_� ihemq_ggh]h�

j_amevlZlZ�\�bkoh^guc�imgdl�[_a�baf_g_gby��<�hi_jZpbyo�D�b�E�gZebq_kl\mxl�dZd�[u�koh^kl�

\_ggh-ijhlb\hiheh`gu_�fhf_glu��>_ckl\b_� D�� ij_h[jZamy� qbkeh�� baf_gy_l� _]h� kmsghklv��

aZnbdkbjh\Zggmx�\�_]h�hij_^_e_gbb��>_ckl\b_�E,�gZh[hjhl��i_j_f_sZ_l�qbkeh�ba�dhg_qgh]h�

imgdlZ�\�gZqZevguc��g_�f_gyy�_]h�ih�kms_kl\m��H[t_^bgyy�wlb�^\Z�ij_h[jZah\Zgby�\�h^gh��

a                       b 

D 
a                       b 

D 

E 

 
E 

 b \� 
[� Z� 
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fu�ihemqZ_f�gh\uc�ij_h[jZamxsbc�we_f_gl��Hg�ij_^klZ\ey_l�kh[hc�h^bg�i_jbh^�gh\h]h�©� 
�» -� _^bgh]h�ij_h[jZah\Zgby��gZihfbgZxs_]h� \jZs_gb_� �j_dmjkby���gh� lhevdh�^bkdj_lgh_�

�kf��jbk�����\��� 
LZdh_�ij_h[jZah\Zgb_�h[t_dlZ�D�mf_klgh�kqblZlv�we_f_glZjguf�©d\Zglhfª�kZfhaZfd�

gmlh]h�^_ckl\by�gZ^�djZlghklyfb�qbk_e��\dexq_gguo�\�kljmdlmjm�^_ckl\by��dhlhjuc�gZah�

\_f�d\Zgljhghf�b�[m^_f�h[hagZqZlv�kbf\hehf�@. 
Hij _ ^ _ e _ g b _ � � �  D\Zgljhg�@ _klv� kihkh[� baf_g_gby� h[t_fZ� ^_ckl\by�� khklhy�

sbc�\�h^ghrZ]h\hf�kZfhaZfudZgbb�j_amevlZlZ�^_ckl\by��ih^klZgh\dhc��\�hi_jZg^u� 
Ijbf_gbl_evgh�d�kemqZx�k�[bgZjgufb�^_ckl\byfb�gZ^�qbkeZfb�ihemqZ_lky�ke_^mx�

sZy�dZjlbgZ��Bf__f�[bgZjgh_�^_ckl\b_� �D�gZ^�qbkeZfb�Z�b� E��dhlhjh_�iha\hey_l�ihemqblv�

j_amevlZl�k���kf��jbk�����Z��� 
 
 
 
 

 
 
 

Jbk������We_f_glu�b�nZau�aZfudZgby�\�[bgZjghf�^_ckl\bb 
 

<�h[s_f�kemqZ_�qbkeZ� D�b� E�m�[bgZjguo�^_ckl\bc� �\uihegyxl�jZaebqgu_�nmgdpbb��

H^gh�ba� qbk_e� �ex[h_�� y\ey_lky� h[t_dlhf�ij_h[jZah\Zgby�� Z� ^jm]h_� �ij_h[jZamxsbf� we_�

f_glhf��l�_��\uihegy_l�nmgdpbb�kZfh]h�^_ckl\by��K�mq_lhf�wlh]h�aZf_qZgby�ko_fZ�ij_h[jZ�

ah\Zgby� �[m^_l�\u]ey^_lv�dZd�gZ� �jbk����[���Lh]^Z�jZaebqguo�\ZjbZglh\�aZfudZgbc��l�_��jZa�

ebqguo�hij_^_e_gbc�d\Zgljhgh\��j_amevlZlZ�k�\�gZqZevguc�imgdl�\hafh`gh�g_kdhevdh�� 
Hij _ ^ _ e _ g b _ � � �  Hkgh\ghc�d\Zgljhg�–h^ghrZ]h\h_�m\_ebq_gb_�h[t_fZ�^_ckl\by�

kZfhih^klZgh\dhc�j_amevlZlZ�^_ckl\by�\�hkgh\Zgb_� 

E�¡�E��¡��DE��¡��D#
�

=  
Hij _ ^ _ e _ g b _ � � � � IhdZaZl_evguc� d\Zgljhg� –h^ghrZ]h\h_� m\_ebq_gb_� h[t_fZ�

^_ckl\by�kZfhih^klZgh\dhc�j_amevlZlZ�^_ckl\by�\�ihdZaZl_ev� 
 

E��¡��D�¡�DE��¡��D#
�

=
  D\Zgljhg�� �hij_^_eyfuc�^Ze__�gZau\Z_lky�[bj_dmjkb\guf��l�d��ijb�_]h�hij_^_e_gbb�

hkms_kl\ey_lky�^\hcgZy�kZfhih^klZgh\dZ�j_amevlZlZ��l�_��\�dZ`^uc�ba�hi_jZg^h\� 
Hij _ ^ _ e _ g b _ � � � � � ;bj_dmjkb\guc�d\Zgljhg–h^ghrZ]h\h_� m\_ebq_gb_� h[t_fZ�

^_ckl\by�kZfhih^klZgh\dhc�j_amevlZlZ�^_ckl\by�b�\�hkgh\Zgb_�b�\�ihdZaZl_ev� 

E��¡��D�¡�E��¡��DE��¡��D#
�

=  
Khhl\_lkl\_ggh�d\Zgljhg�^himkdZ_l�\hafh`ghklv�_]h�ih\lhjgh]h�ijbf_g_gby��b��l_f�

kZfuf��ihkljh_gby�gZ�_]h�hkgh\_�jZaebqguo�d\Zgljhgguo�dhfihabpbc� 
1. Dhfihabpbb�hkgh\guo�d\Zgljhgh\� 
 

( )
��� ���� 
	

���
	

�

�Q

Q

Q

�

�

D�¡�D�����¡�D�¡�D��¡��D

D��¡��D#����##D��¡��D#

D�¡�D��¡��DD��¡��D#

D�¡�DD��¡��D#

+

=

==

=

=

 

 
 

-imklhc�d\Zgljhg 

-�d\Zgljhg 

-  n-djZlguc�d\Zgljhg 

a,b                   k  

D 

beb   a                     c 

Db 

  b                     c . 

aD 
Z� [� 
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1. Dhfihabpbb�ihdZaZl_evguo�d\Zgljhgh\�� 
 

    

( )
��� ���� 
	

���
	

�

�Q

Q

Q

�

�

E��¡��DD�¡������D�¡

E��¡��D#����##E��¡��D#

E��¡��D�¡�DE��¡��D#

E�¡�DE��¡��D#

+

=

==

=

=

 

 
B_jZjobq_kdZy�k\_jldZ��hi_jhg 

DZd� ke_^m_l� ba� ij_^u^ms_]h� jZkkfhlj_gby� -� d\Zgljhg� y\ey_lky� � ih^]hlh\bl_evghc�
hi_jZpb_c�� dhlhjZy� y\ey_lky� g_h[oh^bfuf� we_f_glhf�� ©d\Zglhfª� \�nhjfbjh\Zgbb� gh\h]h�

^_ckl\by�gZ^�qbkehf��?]h�gZagZq_gb_�khklhbl�\�jZafgh`_gbb�^\mo�kmsghkl_c��qbkeZ�b�^_c�

kl\by��Wlh� jZafgh`_gb_� y\ey_lky�g_� kh\k_f� h[uqguf�� lZd� dZd�ijhbkoh^bl� \gmljb�g_dh_]h�

_^bgh]h�h[jZah\Zgby��kZfh�\�k_[_���ihkl_i_ggh�ijb�wlhf�m\_ebqb\Zxs_]hky�\�©jZaf_jZoª��gh�

hklZxs_]hky��g_kfhljy�gZ�wlh�\�jZfdZo�h^ghc�b�lhc�`_�kmsghklb�^_ckl\by�b�qbkeZ� 
     
����Ghf_jZ�rZ]h\ 
���kZfhaZfudZgby���������������J_amevlZl���� 

 
 
 
 
 
 
 
 
Ijbf_ju�d\Zgljhggh]h�m\_ebq_gby�h[t_fh\�^_ckl\bc������ 

         
 

Ijbf_j����>ey�keh`_gby�  

   
 

 
 
 
 
 

 
Ijbf_j����>ey�mfgh`_gby� 
  

 

 

 

 
 

 
DZ`^h_� lZdh_� Ze]_[jZbq_kdh_� \ujZ`_gb_� ( )

�� ��� 
	
E

D��¡��D¡�D������¡�D � _klv� _^bgh_� h[jZah\Zgb_��

dhlhjh_�k�dZ`^uf�Zdlhf�j_dmjkbb�dhebq_kl\_ggh�m\_ebqb\Z_lky�\�jZaf_jZo�aZ�kq_l�m\_ebq_�

gby�djZlghklb�\oh`^_gby�\�hij_^_ey_fh_�^_ckl\b_�qbkeZ�Z�b�k\yau\Zgby�_]h�dhibc�\�_^bgh_�

-imklhc�d\Zgljhg 

-�d\Zgljhg 

-  n-djZlguc�d\Zgljhg 

0 
1 
 
� 
 �� ��� 
	

�

�

���������

���

��

+

+++

++
+

E

DDZD

DZD

DD

0 
 
1 
 
� 

���
	

�

�

���������

���

��

+

⋅⋅⋅

⋅⋅
⋅

E

DDZD

DZD

DD

( )
���� 
	

�

�E

�¡�D�¡�D��¡��D
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p_eh_�fgh]hdjZlguf�ih\lhjhf�^_ckl\by�.��<�aZdexq_gb_�fh`gh�kdZaZlv��qlh�d\Zgljhg�\u�

ihegy_l�nmgdpbx�m\_ebq_gby�©h[t_fZª�^_ckl\by�..  
Wlhl�ijhp_kk�m\_ebq_gby�h[t_fZ��\hh[s_�]h\hjy��fh`_l�ijh^he`Zlvky�kdhev�m]h^gh�

^he]h��H^gZdh�ba\_klgh_�^bZe_dlbq_kdh_�lj_[h\Zgb_�khklhbl�\�lhf��qlh[u�\kydbc�lZdhc�ijh�

p_kk�gZjZklZgby�[ue�kl_kg_g� �l�_��klZgh\e_gb_�ij_djZs_gh��hklZgh\e_gh���Wlhl�ijb_f�y\ey�

_lky� beexkljZpb_c� hiylv-lZdb� ijbgpbiZ� kh_^bg_gby� \� h^gh� ^\mo� � ijhlb\hiheh`ghkl_c��
jZkrbj_gby�b�kl_kg_gby��^\b`_gby�b�ihdhy��BlZd��ijhp_kk�gZjZklZgby�djZlghkl_c�h^gbo�b�

l_o�`_� kmsghkl_c� ^he`_g� [ulv� hklZgh\e_g��DZdbf� ^he`_g� [ulv� djbl_jbc� wlhc� hklZgh\db�

�kl_kg_gby�" 
�Bkoh^gh_�^_ckl\b_� Dα E�[ueh�[bgZjguf��Fu�bf__f�\hafh`ghklv��bkihevamy�ijbg�

pbi�^bkdj_lgh]h�\jZs_gby��ih^klZgh\dhc��kZfhaZfudZgb_f���jZafgh`Zlv�_]h�we_f_glu��<u�

oh^�ba�©^mjghcª�[_kdhg_qghklb�b�g_aZ\_jr_gghklb�\hagbdZxs_]h�ijb�wlhf�ijhp_kkZ�khklh�

bl� \� lhf�� qlh[u� bkihevah\Zlv� ^ey� wlh]h� \lhjh_� qbkeh�� ijb^Z\� _fm� \uiheg_gb_� ^\hcghc�

nmgdpbb��Hgh�^he`gh�klZlv�h[t_dlhf�gh\h]h�\ukr_]h�^_ckl\by����lh�_klv�\hclb� �\�_]h�kh�

klZ\��Z�bf_ggh��\�kljmdlmjm�\gh\v�hij_^_ey_fh]h�[bgZjgh]h�^_ckl\by��Qbkeh�^he`gh�klZlv�

mdZaZl_e_f�lh]h�dhgdj_lgh]h�ijhp_kkZ��k�ihfhsvx�dhlhjh]h�hij_^_ey_lky�gh\h_�^_ckl\b_���

gZ�hkgh\_��\iheg_�hij_^_e_ggh]h�ij_h[jZah\Zgby�^_ckl\by�.��Ke_^h\Zl_evgh��qbkeh�b�^he`�
gh�klZlv�mdZaZl_e_f�kjZam�gZ�g_kdhevdh�\aZbfhaZ\bkbfuo�fhf_glh\��hij_^_eyxsbo�kljmdlm�

jm�\gh\v�hij_^_ey_fh]h�^_ckl\by��:�bf_ggh��qlh 
• d\Zgljhg�ijbf_g_g��b-��jZaZ� 
• kZfh�^_ckl\b_�ijb�wlhf�jZafgh`behkv�b-��jZa�� 
• djZlghklv�\oh`^_gby�qbkeZ��a�\�\ukr__�^_ckl\b_�ijb�wlhf��jZ\gZ�qbkem�b. 

NhjfZevgh� lZdZy� aZibkv� \u]ey^bl� lZd� �klj_edZ�� \� ^Zgghf� kemqZ_�� mdZau\Z_l�gZ� Z^j_kZpbx�

ih^klZgh\hd��� 
( ) ��E¢DD��¡��DD�D������D�DE��Z�D

E

==+
�� ��� 
	

 

 
H]jZgbq_gb_�jhklZ�h[t_fZ� � �^_ckl\by� agZq_gb_f�qbkeZ� E�ijb\h^bl�d�lhfm��qlh�djZlghklv 
qbkeZ� Z� \� kljmdlmj_�hij_^_ey_fh]h�^_ckl\by�.�hdZau\Z_lky�jZ\ghc� E�� Z� djZlghklv� kZfh]h��

^_ckl\by�.�hdZau\Z_lky�jZ\ghc��E-1. 
 Ijb^Zgb_�bf_ggh�lZdh]h�kfukeZ�\k_c�wlhc�ijhp_^mj_�b�iha\hey_l�\�blh]_�\ha\jZlblv�

^_ckl\bx� [bgZjgmx� nhjfm�� dhlhjZy� gZ� ijhf_`mlhqghf� wlZi_� mdZaZgguo� ij_h[jZah\Zgbc�

\j_f_ggh�mljZqb\Z_lky� 
LZdbf�h[jZahf��ijhp_^mjZ�ihkljh_gby�\ukr_]h�^_ckl\by���hdZau\Z_lky� ©d\Zglh\Zg�

ghcª��>ey�__�ihemq_gby�bkihevam_lky�ijbgpbi�hljbpZgby�hljbpZgby� 
-�^ey�ihemq_gby�d\ZgljhgZ��iml_f�h[t_^bg_gby� �\�h^gh�p_eh_�^\mo�iheyjguo�^\b`_gbc��h^�
gh]h�gZijZ\e_ggh]h�ba�gZqZeZ�\�dhg_p��Z�^jm]h]h�-�ba�dhgpZ�\�gZqZeh��j_dmjkby��� 
-�^ey�kl_kg_gby� �dhebq_kl\_ggh]h�gZjZklZgby�d\ZgljhgZ� �]^_�fhf_glu�gZjZklZgby�b�kl_kg_�
gby��^\b`_gby�b�ihdhy�lZd`_�ijhlb\hiheh`gu�b�lZd`_�kh_^bgyxlky�\�h^gh�� 

GZ�wlhf�wlZi_�h[km`^_gby�ijbgpbih\�ihkljh_gby��bkqbke_gby�^_ckl\bc�fu�ijboh^bf�

d�p_e_khh[jZaghklb�\\_^_gby�gh\h]h�\Z`g_cr_]h�ihgylby�- hi_jhgZ� ��α7 ���dZd�g_dh_c�h]jZ�

gbq_gghc�dhfihabpbb�d\Zgljhgh\��gZagZq_gb_�dhlhjh]h�khklhbl�\�ij_h[jZah\Zgbb�kh[kl\_g�

gh�kZfh]h�^_ckl\by� 

  
Hij _ ^ _ e _ g b _ � � � .  Hi_jhghf ��α7 �gZah\_f�nbgblgh�h]jZgbq_ggmx�dhfihabpbx�

d\Zgljhgh\� 
��

�

α
���
	

−

=
E

###���#�¡¡7

 
Dhgdj_lbabjmy�lbi�aZfudZgby�b�djZlghklv�ih\lhj_gby�d\Zgljhgh\�qbkehf��b-����hij_�

^_ebf�hkgh\gu_�jZagh\b^ghklb�hi_jhgh\� 
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Hij _ ^ _ e _ g b _ � � � � �Hi_jhg�hkgh\ghc�
�

7 �_klv��b-2)-djZlgZy�dhfihabpby�hkgh\guo�
d\Zgljhgh\�  

( )=ED
�

α7 E��¡��D#����##

�E

���
	
−

 

Hij _ ^ _ e _ g b _ � � � � �Hi_jhg�ihdZaZl_evguc�_klv��b-2)-djZlgZy�dhfihabpby�ihdZ�
aZl_evguo�d\Zgljhgh\� 

( )=E�D
�

α7 E��¡��D#����##

�E

���
	
−

 

Hij _ ^ _ e _ g b _ � � � � �Hi_jhg�[bj_dmjkb\guc�_klv��b-1)-djZlgZy�dhfihabpby�[bj_�
dmjkb\guo�d\Zgljhgh\� 

( )E�D
�

α7 E��¡�D#�����###

�E

���
	
−

=  

LZdh_� hij_^_e_gb_� hi_jhgZ� iha\hey_l� \kydbc� jZa� \ha\jZsZlv� \gh\v� hij_^_ey_fhfm�

^_ckl\bx�nhjfm�[bgZjgh]h�^_ckl\by��hl�dhlhjhc�bagZqZevgh�ijboh^blky�moh^blv�d\Zgljhg�

guf�ij_h[jZah\Zgb_f�� 
��E�¢�DE��¡��D =7  

Ijhbkoh^bl�ljZgknhjfZpby�^_ckl\by�.��lZd�qlh�m`_��.�� β.  
>ey�q_]h�ke_^m_l�ijh\h^blv�h]jZgbq_gb_�dhfihabpbb�d\Zgljhgh\"� �Wlh�iha\hey_l�ih�

emqblv�gh\uc�fZl_fZlbq_kdbc�h[t_dl�- hi_jhg -�gh\mx�©hi_jZpbxª��gh�m`_�gZ^�kZfbfb�^_c�
kl\byfb��Ijbq_f�hi_jhg�\�wlhf�kemqZ_�\uklmiZ_l�\�\b^_�g_dh_]h�gh\h]h��m`_�\ukr_]h�©d\Zg�

lZª�kh^_j`Zl_evgh]h�ij_h[jZah\Zgby�^_ckl\by��Mf_klgh�wlhl�d\Zgl�mkeh\blvky�kqblZlv�_^b�

gbqguf�b�kljh]h�hlebqZlv�hl�^jm]bo�ij_h[jZah\Zl_e_c�kZfbo�^_ckl\bc�gZ^�qbkeZfb�� 
I_j_oh^u�hl�^_ckl\by�α �d�^_ckl\byf� ��α �b� ��α �y\eyxlky�jZa\_jgmlufb�hij_^_e_�

gbyfb�hi_jZlhjh\�ih\ur_gby� klmi_gb�^_ckl\by�gZ� _^bgbpm� �j_dmjkb_c�\�hkgh\Zgb_�beb�\�

ihdZaZl_ev���Wlb�\b^u� ©aZfudZgbcª�iha\heyxl�ihemqZlv�gh\u_�^_ckl\by��\�lhf�qbke_�b�hl�

ex[h]h�gh\h]h��ihklmebjh\Zggh]h�dZd�[Zah\h]h�beb�g_dh_]h�\gh\v�lhevdh�qlh�ihemq_ggh]h�� 
 

<�jZa\_jgmlhf�\b^_�  ( ) DED
�

=α7 �+α ( )( )( )
�� ��� 
	
�

E

DDD��D E ααα                    (5) 

:gZeh]bqgh�hij_^_ey_lky� ( )ED
�

α7 ��<�jZa\_jgmlhf�\b^_��� 

         ( )=ED
�

α7 ( )( )( )
��� ���� 
	

�

E

E��D�D�D E�D ααααα + .   (6) 

H[jZlgu_�^_ckl\by�b�hi_jhgu�h[jZlguo�^_ckl\bc 
 <�wlhc�klZlv_�^Z_lky�ebrv�djZldZy�k\h^dZ�hij_^_e_gbc��g_h[oh^bfuo�^ey�baeh`_gby�

g_ihkj_^kl\_ggh�ke_^mxs_]h�jZa^_eZ�h�klmi_gyo�[bgZjguo�^_ckl\bc� 

H[h[s_gguc� dhj_gv � � Qbkeh� � E�¡�D�F =   ( E�¡�D
α

D E�≡ �� � gZau\Z_lky� h[h[s_gguf 

dhjg_f a-c��kl_i_gb�ba�b�klmi_gb�α��_keb�hgh�m^h\e_l\hjy_l�mkeh\bx� 
=D�¡�F ED�¡�E��¡��D =  . 

I_j_oh^�hl�ijyfh]h�^_ckl\by�d�h[jZlghfm�[m^_f�ihgbfZlv�dZd�g_dbc�hkh[uc�hi_jhg��

iha\heyxsbc�ihkljhblv�gh\h_�^_ckl\b_��hlebqgh_�hl�bkoh^gh]h�b�h[hagZqZlv�_]h�kbf\hehf�

2��l�_�� αα =��2 ��b�� αα ≠ .  
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Hi_jhg�dhjgy�2��_klv�ij_h[jZah\Zgb_�ijyfh]h�^_ckl\byα �\�h[jZlgh_α ,�hkms_kl\�

ey_fh_��ih�ke_^mxs_fm�ijZ\bem� 
• GZ�hkgh\_�ijyfh]h�^_ckl\byα �\\h^blky�mjZ\g_gb_�� ]^_�\�dZq_kl\_�g_ba\_kl�

gh]h�ijbgbfZ_lky�hkgh\Zgb_�[bgZjgh]h�^_ckl\by� 
F��E��¡�D [ = . 

• J_amevlZl�j_r_gby�wlh]h�mjZ\g_gby�aZibku\Z_lky�\�\b^_� 
¡

E
[ F�F�¡�ED == . 

<�hi_jhgghc�nhjf_�wlh�ij_h[jZah\Zgb_�[m^_l�bf_lv�\b^�� αα =)(2 . WlZ�aZibkv�hagZqZ_l��

qlh�hi_jhg�2�ij_h[jZam_l�^_ckl\b_�α�\�h[jZlgh_�^_ckl\b_�α . 

H[h[szgguf�eh]Zjbnf.��Qbkeh�� E�¡�DF =  �� DJO Eα= �gZau\Z_lky�h[h[szgguf�eh]Zjbnfhf�

qbkeZ�a�ih�hkgh\Zgbx�b�klmi_gb�α��_keb�ijb�wlhf�^ey�k�\uihegy_lky�ke_^mxs__�mk�

eh\b_� 
DE��¡��D�¡�E =  

 

Hi_jhg�eh]ZjbnfZ 3�_klv�ij_h[jZah\Zgb_�ijyfh]h�^_ckl\by�α �\�h[jZlgh_�α ,�hkms_kl\�

ey_fh_��ih�ke_^mxs_fm�ijZ\bem� 
• <\h^blky�mjZ\g_gb_��]^_�aZ�g_ba\_klgh_�ijbgbfZ_lky�ihdZaZl_ev� 

F��E��¡�D [ = . 
     

• J_amevlZl�j_r_gby�mjZ\g_gby�aZibku\Z_lky�\�\b^_� 

�FJO�D�¡�F��E D[ α== . 

<�hi_jhgh\hc�nhjf_�wlh�ij_h[jZah\Zgb_�^_ckl\by�α [m^_l�bf_lv�\b^� 

3 (α) α= . 
     

Klmi_gv�^_ckl\by�b��-jy^ 
Ba\_klgh��qlh�\�p_eyo�©wdhghfbb�fure_gbyª�]hjZa^h�m^h[g__�©dhgkljmbjh\Zlvª�gZ�

lmjZevgu_�qbkeZ��gZqbgZy�k�ijhkl_cr_]h�qbkeZ�–�_^bgbpu��Ihke_^h\Zl_evgh�ijb[Z\eyy�_]h�d�
k_[_� kZfhfm��fh`gh� ihemqblv� \_kv� gZlmjZevguc� jy^��>_ey� ^Ze__� we_f_glu� gZlmjZevgh]h�

jy^Z�^jm]�gZ�^jm]Z��-ihemqblv�jZpbhgZevgu_�qbkeZ�b�l�^��Gh��ijb�wlhf��dZd�[u��\k_]^Z�bf_�
_lky�\�\b^m��qlh�bkoh^guf��gZqZevguf�qbkehf�[ueZ�_^bgbpZ���� 
 :gZeh]bqgh��ijb� ©dhgkljmbjh\Zgbbª� �fgh`_kl\Z�^_ckl\bc�lZd`_�bf__l�kfuke�]h\h�

jblv�h�g_dhlhjhf�bkoh^ghf��[Zah\hf�^_ckl\bb�α��Ijbf_gyy�d�g_fm�jZaebqgu_�hi_jhgu�b�bo�
dhfihabpbb��[m^_f�ihemqZlv�\k_�gh\u_�b�gh\u_�^_ckl\by� �β , χ  , δ�� �� �� � � ��<k_�hgb��lZd�beb�
bgZq_�[m^ml�g_dbfb�nmgdpbyfb�hl�ij_h[jZah\Zgby�gZqZevgh]h�^_ckl\by�α��Hgb�[m^ml�klm�
i_gyfb�ij_h[jZah\Zgbc�bf_ggh�wlh]h�^_ckl\by�α.  
 ?keb�hi_jhg�7�ij_h[jZam_l�^_ckl\b_�D�\�^_ckl\b_�E��l�_��7(D)=E���lh�bkoh^gh_�^_ckl�
\b_�D�[m^_f�gZau\Zlv�gZqZevguf��Z�ihemq_ggh_�^_ckl\b_�E�[m^_f�gZau\Zlv ijhba\h^guf� 
ββ-jy^hf�gZah\_f�\kydbc�jy^�ijhba\h^guo�^_ckl\bc���γ, G, O��«��ihke_^h\Zl_evgh�ihemqZ_fuc�

k�ihfhsvx�hi_jhgh\�7, 3��b�2�ba�g_dhlhjh]h�gZqZevgh]h�^_ckl\by�β. 
;Zah\uf�^_ckl\b_f β-jy^Z�[m^_f�gZau\Zlv�kZfh_�i_j\h_�gZqZevgh_�^_ckl\b_�β. 

<� kh\j_f_gghc� fZl_fZlbd_�� Z� bf_ggh� Zjbnf_lbd_�� ijZdlbq_kdb� bkihevam_lky� lhevdh�

h^gh�[Zah\h_�^_ckl\b_�-keh`_gb_��Ba�g_]h�b�kljhylky���hklZevguo�^_ckl\bc��\uqblZgb_��^_�

e_gb_��mfgh`_gb_���b�l�i�� 
=eZ\guf�β-jy^hf�gZah\_f�jy^�ijhba\h^guo�ijyfuo�b�h[jZlguo�^_ckl\bc��β, γ, G, O��«��ih�

ke_^h\Zl_evgh�ihemqZ_fuo�ba�keh`_gby��dZd�[Zah\h]h�^_ckl\by��k�ihfhsvx�hi_jhgh\�7, 3��b�
2. 
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Ijyfu_�^_ckl\by�]eZ\gh]h�β-jy^Z� 
 

Gh\h_�h[hagZq_gb_ ba ����  ba ���  ba ���  ba ���  ba ���  ... ba ��α  

KlZjh_�h[hagZq_gb_ a+b ED ⋅  ba  a
b
•  

... ... ... 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Jbk������>bZ]jZffZ�ba\_klguo�^_ckl\bc�]eZ\gh]h  E-jy^Z� 
JZkkfhljbf��dZdbfb�\�h[s_f�kemqZ_�fh]ml�[ulv�\_l\b�ij_h[jZah\Zgby�[Zah\h]h�^_ckl�

\by�α��Z�α b = c.  
<h-i_j\uo��fu�fh`_f� bkihevah\Zlv� ^\Z� hi_jhgZ� ih\ur_gby� klmi_gb��K� aZfudZgb_f�

j_amevlZlZ�[bgZjgh]h�^_ckl\by�\�hkgh\Zgb_��kf��jbk�����Z�� 
 
 
 
 

 
�Jbk������We_f_glu�b�nZau�aZfudZgby�\�[bgZjghf�^_ckl\bb�\�hkgh\Zgb_�Z��b�[�� 

 
Lh]^Z�ihemqbf�� 

E¢�DE��¡��D �=7 ( )
��� ���� 
	

Q

D�¡�D�����¡�D�¡�D��¡��D=  

b�\�ihdZaZl_ev��kf��jbk�����[���Lh]^Z�ihemqbf�� 
 

E�¢�DE��¡��D �=7 ( )
�� ��� 
	

Q

D��¡��DD�¡������D�¡=
 

H[Z�wlb�hi_jhgZ�ih\urZxl�klmi_gv�ij_h[jZah\Zgby�^_ckl\by��gZqbgZy�kh�keh`_gby��

IjbgbfZy�ij_h[jZamxsmx�©kbemª�hi_jhgh\�7 b�7 �aZ�_^bgbpm��\hafh`gh��\ujZablv�wlb��aZ�

ibkb�lZd� 
E¢�DE��¡��D �=7 ( ) E��¡�DD�¡�D�����¡�D�¡�D��¡��D

Q

+==
��� ���� 
	  

]^_� klj_edZ� \gbam� mdZau\Z_l� gZ� hkh[_gghklv� ijbf_g_ggh]h� hi_jhgZ�� Z� aZibkv� ED ��� +α � k�

ijb[Z\e_gb_f���]h\hjbl�h�lhf��qlh�d�^_ckl\bx��α��ijbf_g_g�hi_jhg�7 h^bg�jZa��:gZeh]bqgh� 

Z����� α     b���� ����k : 

Z���α   b        =        c 

�EOhJD

;Zah\h_ 
^_ckl\b_ 

D E  

ED �  D�E  

ED �  D�E  

E
D  

7

7
'

&

�

�

 

3  

2  

7

7
'

&

�

�

 

3  

2  

3  

2  

ED ⋅  

D
E

D
E

 

7
& �  

7
' �  7

& �  

7
' �  

7
& �  

7
' �  

�ED�� ≡+ ED

;Zah\h_�^_ckl\b_������������������������������������Ijhba\h^gu_�^_ckl\by 

Z� 

[� 
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E�¢�DE��¡��D �=7 ( ) ����¡��������������� EDDDDDD

Q

+==
��� ���� 
	

αα
 

Ke_^m_l�h[jZlblv�\gbfZgb_�gZ�lh��qlh�^ey�\u^_e_gby�ijyfuo�^_ckl\bc�bkihevam�

_lky�ih^q_jdb\Zgb_�kgbam��^ey�h[jZlguo –k\_jom�� 
<�h[s_f�kemqZ_�[bgZjgu_�hi_jZpbb�g_dhffmlZlb\gu� 

D��EE��D αα ≠  . 
Ihwlhfm��ijh\h^y�j_dmjkbx��\ha\jZl��ih^klZgh\dm�j_amevlZlZ�\�hkgh\Zgb_�D�beb�\�ihdZaZl_ev�

E��fu�ihemqbf�jZagu_�^_ckl\by��GZb[he__�yjdh�wlh�\b^gh�gZ�ijbf_j_�h[h[s_gby�kl_i_gb�\�

k\_jokl_i_gv��Imklv��� FD E��D E =α ��Ih^klZ\bf�fgh]hdjZlgh�F�\�hkgh\Zgb_� 

) )
�

E

E
EE F�D�� =
�
	
�

.                                                              

IheZ]Zy��qlh����D E���ihemqbf� 

    
) )

D�D�� E

E

D
DD =
�
	
�

.                         (7) 

<� \ujZ`_gbb� ���� ihdZaZl_ev� E� gZau\Z_lky� ihdZaZl_e_f� keZ[hc� k\_jokl_i_gb�

[9,10,15]��?keb�`_�\ha\jZl��j_dmjkbx��j_amevlZlZ�ijh\_klb�\�ihdZaZl_ev�E��ihemqbf� 

( ( ( )
��F D �

E

D
D

E

�
	
�

 

IheZ]Zy�D E�b�khdjZsZy�aZibkv��ihemqbf��� 

      
( ( ( )

��DD �

D
E

E

D
D =�
	
�

                                               (8) 

NhjfmeZ�����_klv�kbevgZy��ihdZaZl_evgZy��k\_jokl_i_gv�b�ih�k\hbf�k\hckl\Zf�hgZ�j_adh�hl�

ebqZ_lky�hl�k\hckl\�keZ[hc��hkgh\ghc��k\_jokl_i_gb�
ba��ohly�h[_�wlb�hi_jZpbb�ihy\eyxlky�

gZ�h^ghc�b�lhc�`_��-c�klmi_gb�h[h[s_gby���Mq_l�jZaebqby�j_dmjkbc�\�hkgh\Zgb_�beb�\�ihdZ�

aZl_ev�-h^bg�ba�dexq_\uo�fhf_glh\�b k q b k e _ g b y ��iha\heb\rbc�ihemqblv�gZb[he__�bgl_�

j_kgu_�j_amevlZlu� 
<kydbc�hi_jZlhj� �hi_jhg�-� wlh�gh\uc�fZl_fZlbq_kdbc�h[t_dl�� \ujZ`Zxsbc�b^_x�h�

aZdhg_�7��ij_h[jZah\Zgby�h^gh]h�^_ckl\by�α �\�^jm]h_��β : 
7 (α )= β . 

<�ijhp_kk_�ij_h[jZah\Zgby�^_ckl\by�ijhbkoh^bl�ij_h[jZah\Zgb_�b�klmi_gb�^_ckl\by��

<\_^_gb_�ihgylby�³klmi_gb�^_ckl\by´��dZd�Z[kljZdlgh-dhebq_kl\_gghc�_]h�oZjZdl_jbklbdb��
hljZ`Zxs_c�\�k\h_c�nhjfZevghc�kljmdlmj_�hkgh\gu_�fhf_glu�ijhp_kkZ�h[h[s_gby�[Zah\h�

]h�^_ckl\by��b�y\ey_lky�lZd`_�\Z`g_crbf�fhf_glhf�b k q b k e _ g b y � ^ _ c k l \ b c ��Ih�k\h_fm�

gZagZq_gbx�³klmi_gv�^_ckl\by´�nhjfZevgh�hljZ`Z_l�\�k_[_�\k_�hkgh\gu_�fhf_glu�ljZgk�

nhjfZpbb�^_ckl\by�gZqZevghc�klmi_gb� 
�?keb�ijbgylv�klmi_gv�^_ckl\by�keh`_gby�aZ�_^bgbpm�� a + b = a 1 b�b�mkeh\blvky�kqb�

lZlv�i_j_oh^�hl�keh`_gby�d�mfgh`_gbx�_^bgbqguf��lh�mfgh`_gb_�[m^_l�bf_lv�\lhjmx�klm�

i_gv�� a b = a 2 b⋅ ��Bkihevah\Zgb_�h^gh]h�b�lh]h�`_�aZdhgZ�i_j_oh^Z�hl�hi_jZpbb�d�hi_jZpbb��

^Z_l�hkgh\Zgb_�kdZqdb�klmi_gb�ijbgbfZlv�aZ�_^bgbqgu_��H^gZdh�kdZqdb�klmi_g_c�ijb�jZa�

ebqguo�\b^Zo�j_dmjkbb��hkgh\ghc�b�ihdZaZl_evghc��g_�[m^ml�lh`^_kl\_ggufb�-�wlh�i_j\h_��
<lhjh_��baf_g_gby�klmi_gb�[m^ml�ijhbkoh^blv�b�ijb�i_j_oh^Zo�d�h[jZlguf�hi_jZpbyf�^Zg�

ghc�klmi_gb�� 
Ijhbeexkljbjm_f�wlb�\ukdZau\Zgby�gZ�ijbf_j_�hi_jZpbb�\ha\_^_gby�\�kl_i_gv��<ha�

\_^_gb_�\�kl_i_gv�y\ey_lky�hi_jZpb_c�lj_lv_c�klmi_gb�h[h[s_gby�keh`_gby�a a 3 bb = ��Hl�

wlh]h�^_ckl\by�fh`gh�kh\_jrblv�q_luj_�i_j_oh^Z��[eZ]h^Zjy�hkgh\ghc�b�ihdZaZl_evghc�j_�

dmjkbyf�khhl\_lkl\_ggh�d�keZ[hc�b�kbevghc�k\_jokl_i_gb��b�[eZ]h^Zjy�h[jZlguf�hi_jhgZf��- 
d�hi_jZpbyf�dhjgy�b�eh]ZjbnfZ� 
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>_ckl\b_��-c�klmi_gb��
b
a• ��\�l_jfbgZo�klmi_g_c��[m^_l�h[hagZqZlvky�lZd��

b
a• = a 4 b

→
. 

IjZ\Zy�qZklv�wlhc�aZibkb�ihdZau\Z_l��qlh�^Zggh_�^_ckl\b_� DE = a 4 b
→

�ihemq_gh�ba�ij_^u^m�

s_]h�j_dmjkb_c�\�ihdZaZl_ev��ihdZau\Z_l�klj_edZ���AZibkb� log a 3 b b
a =

→
��b��� b a 3 ba =

←
��ihdZ�

au\Zxl��qlh�^Zggu_�hi_jZpbb�ihemq_gu�ba�^_ckl\by��-c�klmi_gb�i_j_oh^hf�d�h[jZlguf�^_c�
kl\byf�wlbo�`_�klmi_g_c��m�h[jZlguo�^_ckl\bc�ih^q_jdb\Zgb_�b�klj_edb�-�k\_jom).  

 
 
 
 
 
 
 

                   
 

 
Jbk�����<ZjbZglu�ij_h[jZah\Zgbc�ijyfh]h�^_ckl\by 

LZdbf� h[jZahf��fu� ijbgbfZ_f� ]bihl_am� h� lhf�� qlh� \kydh_� ^_ckl\b_� k� g_h^ghjh^ghc�

kljmdlmjhc��l�_��k�dhebq_kl\_ggh�jZaebqguf�\oh`^_gb_f�qbk_e�Z��b�b�^_ckl\bc���α, β, γ�����bo�
kh_^bgyxsbo�\�h^gh�p_eh_��fh`gh�h[hagZqZlv�dZd�^_ckl\b_�g_dh_c�gh\hc�ijhba\hevgh�nbd�

kbjh\Zgghc�klmi_gb����a α b β a γ b … β a  = a µ b. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
Jbk����>bZ]jZffZ�ihemq_gby�gh\uo�g_aZ\bkbfuo�^jm]�hl�^jm]Z ijhba\h^guo�^_ckl�

\bc�ba�hkgh\gh]h�^_ckl\by�α k�ihfhsvx�hi_jhgh\��7, 2, 3 . 
<� wlhf� kemqZ_� kh� klmi_gvx�[bgZjgh]h�^_ckl\by�fh`gh� ©jZ[hlZlvª�dZd� k�fZl_fZlbq_�

kdbf�h[t_dlhf-qbkehf��ih\urZlv�b�ihgb`Zlv�__��b�\uihegylv�k�g_c�jZaebqgu_�ij_h[jZah\Z�

gby��<�h[s_f�kemqZ_�hl�^_ckl\by�klmi_gb�α��dZd�ihdZaZeb�gZrb�bkke_^h\Zgby��\hafh`gu�k�

ihfhsvx�ke_^mxsbo�hi_jhgh\� 

α+1 

α+1 α-1 

α-1 

��α
+

7

��α
−

7

��α
−

7

α 

3 

2 

.

3 

��α
+

7

α

α Hkgh\gh_�^_ckl\b_ Klmi_gb�ijh�

ba\h^guo��

Ij_h[jZamxsb_ 
hi_jhgu 

ba

logb
a

 

ba 

b
a•

a
a 3 b

b
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���b��� αα
−+

77

    
-ih\ur_gby�b�ihgb`_gby�klmi_gb�ih�hkgh\Zgbx�� 

     
�������b���� αα

−+
77 -ih\ur_gby�b�ihgb`_gby�klmi_gb�ih�ihdZaZl_ex� 

     2-� dhjgy��3-� eh]ZjbnfZ� -� \uiheg_gby�� dZd�fbgbfmf�� �-b� g_aZ\bkbfuo� ^jm]� hl�
^jm]Z�i_j_oh^h\�d�gh\uf�^_ckl\byf��kf��jbk����� 

<ZjbZglu�hij_^_e_gbc�hi_jhgh\ 
<� aZdexq_gb_� wlh]h� djZldh]h� \\_^_gby� ^h[Z\bf�� qlh� \u[jZgguc� kihkh[� h[h[s_gby�

[bgZjguo�^_ckl\bc�g_�y\ey_lky�_^bgkl\_ggh�\hafh`guf��l�d��kZfhaZfudZgb_�j_amevlZlZ�³k´�

\�^_ckl\bb� F E�¡�D �fh`_l�hkms_kl\eylvky�g_�lhevdh�\�hkgh\Zgb_�beb�\�ihdZaZl_ev�� 
LZ[e��� 

 
 
 
 
 

hkgh\Zgb_      Z     
 
 

klmi_gv          α                                         
 

 
ihdZaZl_ev     b    

 
 

\b^u�hi_jhgh\ 
 
gh�h^gh\j_f_ggh�b�\�hkgh\Zgb_�b�\�ihdZaZl_ev��b�fgh]bfb�^jm]bfb�kihkh[Zfb��<�h[�

s_f� kemqZ_�^jm]b_� \hafh`gu_� \ZjbZglu� kZfhaZfudZgby�ijb�h[jZah\Zgbb�gh\uo�^_ckl\bc�

m^h[gh�bah[jZablv�ko_fZlbqgh��Hlf_lbf�ke_^mxsb_�bo�fh^bnbdZpbb��ijb�mkeh\bb�bkihev�

ah\Zgby�jZaebqguo�imgdlh\�aZfudZgby��kf��lZ[e����� 

�#��#��#��#��#��#��#

VVV
V

 ;he__�ih^jh[gh� 
 

 
 

 

 

 

 

 

 

 

 
 
 

Jbk���Z��>bZ]jZffu�ihemq_gby�jZaebqguo�d\Zgljhgh\ 

 

<�B>�fu�jZkkfZljb\Z_f�lhevdh�hi_jhgu�� 7 , 7 �b��hlqZklb��� 7 ��Ohly��dhg_qgh��aZfu�

dZgb_�fh`gh�fukeblv�b�[he__�^bnn_j_gpbjh\Zggh��dZd�ba[bjZl_evgh�mihjy^hq_ggmx�kljmd�

lmjm��<�wlhf�kemqZ_�ih^klZgh\dZ� �kZfhaZfudZgb_��hij_^_e_gguf�h[jZahf�ihke_^h\Zl_evgh�

· · ·

· · ·

· · ·

· · · · · ·

· · · · · ·

·  · · ·

Imgdlu 
aZfudZ�

<ZjbZglu�aZfudZgbc 

Z

7  

Z

7  

Z

7  

· · ·

· · ·

· · ·

7  7

Z

7  7  

Z������� α       b    � �����k  

Z������� α       b    � �����k  �����# EDDED ααα =

MdZaZl_ev 
�imgdlh\�aZfudZgbc 

Fhghj_dmjkb\gu_�d\Zgljh�

�������# EEDDED
V

αα =  Z������� α        b     =     c ����# EEDED ααα =



 15          

mihjy^hq_gZ�ih�Z^j_kZf� � �D��α ��E��L_f�kZfuf�\�gZqZe_�^he`gh�[ulv�^Zgh�hij_^_e_gb_�jZa�

ebqguf�lbiZf�d\Zgljhgh\� 

 

 

 

 

 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Jbk�����[��>bZ]jZffu�ihemq_gby�jZaebqguo�d\Zgljhgh\ 
 
Ijh\_^_ggh_� gZfb� bkke_^h\Zgb_� k\hckl\� ^_ckl\bc� \� B>� dZkZ_lky� lhevdh� qZklgh]h�

kemqZy�bkihevah\Zgby�lhevdh�iheyjguo�hij_^_e_gbc�d\Zgljhgh\� 

�#��#

 Jy^u�^_ckl\bc�\�wlhf�kemqZ_�gZa\Zgu�JhgZfb��Z�bo�bkqbke_gb_��- Jhg-bkqbke_gb_f� 
 

Z��������α        b     =     c ���������# EEDEDED

V

ααα =  

Z��������α        b     =     c �����������#� EDEDEDED

V

αααα =
 

Z��������α        b     =     c �������# EDEDED αααα =  

;bj_dmjkb\gu_�d\Zgljhgu 

Z��������α        b     =     c ���������# EDEDDED

V

ααα =  

Kf_rZgguc�d\Zgljhg 


